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Abstract. For a given variety Var of algebras we define the variety Var of 
dialgebras. This construction turns to be closely related with varieties of 
pseudo-algebras: every Var-dialgebra can be embedded into an appropriate 
pseudo-algebra of the variety Var. In particular, Leibniz algebras are exactly 
Lie dialgebras, and every Leibniz algebra can be embedded into current Lie 
conformal algebra. 



Introduction 

Leibniz algebras, introduced by J.-L. Loday [I], are non-commutative analogues 
of Lie algebras. The denning identity of the variety of left (right) Leibniz algebras is 
the condition stating that each operator of left (right) multiplication is a derivation, 
i.e., 

x(yz) — {xy)z + y(xz) or (xy)z — (xz)y + x(yz), 

respectively. As Lie algebras are embeddable into associative algebras, Leibniz 
algebras can be embedded into associative dialgebras. By the definition [21 [3], 
dialgebras are linear spaces with two bilinear products H, K The identities required 
for a dialgebra A to be associative are chosen in such a way that the new operation 

fl6 = flhb-Hfl or ab = a ^ b — feha 

turns A into a left (right) Leibniz algebra: 

(x H y) h z = (x h y) h z, x H (y h z) = x H (y H z), (1) 
(x h y) h z = x h (y h z), (x H y) H z = a; H (j/ H z), (2) 
(xhjjHz^hfeHz). (3) 

In the paper [4] the notion of an alternative dialgebra was introduced. It was 
noted in [5] that an algebra A is embedded into the Steinberg Lie algebra st(n, A), 
n > 4, if and only if A is associative; and if n = 3 then A has to be at least 
alternative. In [4], the Steinberg Leibniz algebra stl(n, D) was introduced, where D 
is a dialgebra. The identities that are necessary for embedding of D into stl(3, D) 
are declared to be the identities of an alternative dialgebra. 

The main purpose of this paper is to present a general scheme how to deduce what 
is a variety of dialgebras similar to a given variety of ordinary algebras (associative, 
Lie, alternative, etc.). This structure is motivated by the relation of dialgebras and 
conformal algebras. 

A conformal algebra [6] is a linear space C (over a field of zero charachteristic) 
with one linear operation T : C —* C and a countable family of bilinear products 
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(• (n) ■) ■ C xC ^ C, where n ranges over the set Z+ of non-negative integers, such 
that 

• for every a, b G C only a finite number of a („) 6 is nonzero; 

• Ta ( „) 6 = -na 6, a (n) T6 = T(a (n) b) + na („_ X ) 6. 

Every conformal algebra can be constructed as a subspace of the formal power 
series space A[[z, z~ 1 ]] over an appropriate ordinary algebra A, with respect to 

(Ta)(z) = —a(z), (a i n ) b)(z) — Kesa(w)b(z)(w — z) n . 

dz w=o 

Here Res^o f( w , z ) stands for the coefficient of w^ 1 in f(z, w) G A[[z, w, w -1 ]]. 

In [7j it was shown that for an arbitrary conformal algebra C there exists unique 
ordinary algebra Coeff C (called coefficient algebra) which is universal in the follow- 
ing sense: Coeff C[[z, z' 1 ]] contains C, and for any algebra A such that A[[z, z^ 1 ]] 
contains C as above there exists a homomorphism Coeff C — > A such that the 
natural expansion Coeff C[[z, z -1 ]] — > ^4[[z, z -1 ]] acts on C as an identity. 

A conformal algebra C is said to be associative (Lie, alternative, etc.) [7] if so 
is Coeff C . A more general approach was developed in [8], see Section [L4l for more 
details. For example, C is associative if 

a („) (b ( m) c) = ^2 ( U ) (a ( n -s) b ) (m+s) c, a,b,ceC, n,meZ + . 

It is not difficult to note that an associative conformal algebra C endowed with 
two operations 

ah b = a (0) 6, a H b = ^{-T) s (a {s) b) 

s>0 

satisfies (d])-©, i.e., this is an associative dialgebra. The same is true for alternative 
conformal algebras. However, it is not obvious why every associative (or alternative) 
dialgebra can be obtained in this way. This is why we define what is a variety of 
dialgebras using the language of operads, and then prove that every dialgebra from 
a variety Var can be embedded into a conformal algebra (more generally, pseudo- 
algebra) from the variety Var of conformal algebras. 

1. Operads and algebras 

1.1. Partitions. Suppose m > n > 1 are two integers. An ordered n-tuple of 
integers n = (mj, . . . , m n ), m, L > 1, is called an n-partition of m if mi + • • • + m n — 
m. The set of all such partitions is denoted by n(m, n). 

A partition n G n(m, n) determines a one-to-one correspondence between the 
sets {1, . . . , m} and | i = 1, • • • ,n, j = 1, . . . ,rrii] by the rule 

k = (i, jY , k = mi H hrrij-i + j. 

Given two partitions t = (pi, ■ ■ ■ ,p m ) £ H(p, m), 7r = (mi,...,m n ) G H(m,n), 
define r7r G Tl(p, n) in a natural way: 

TTT = (pi H hp mi ,_p mi + l H hp mi+m2 , . . . ,Pm-m„ + l H hPm)- 

If r7r = (91,..., 9n) then for any i = 1, ...,n denote by T7Tj the subpartition 

(PmiH hTOi-l+1) ■ ■ ■ iPmH hwij 

) G n(gj, mj). 

We will also consider the (right) action of the symmetric group S n on n(m, n): 
if 7T = (mi, . . . ,m„), cr G S n then 7rcr = (m lo ~i, . . . ,m na -i). 
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1.2. Operads. Consider the following collection of data: 

1) a family of linear spaces {C(n)} n >i; 

2) a family of linear maps (called composition rule) 

Comp 77 : C(n) ® C(mi) ® • • • ® C(m„) -» C(m), 
where 7r = (mi, . . . , m n ) G II(to, n). 
This collection is called an operad (denoted by C) if the following properties hold. 

(01) The composition rule is associative, i.e., if r = (pi, ■ ■ ■ ,p m ) G n(p,m), 
7r = (mi, . . . , m„) G Il(m, n), and 

^ G C(pj)> Xi e C(mi), 95 S C(n), i = 1, . . . ,n, j = 1, . . . , m, 

then 

Comp T (Comp 7r (^, (*)2=i). 1) 

= Comp™^, (Comp^( X i, (^.tjOSxJD)- ( 4 ) 

(02) There exists a "unit" id G C(l) such that 

Compf 1 -- 1 ^/, id, ... , id) = Comp^ (id A , /) = / (5) 
for every / G C(n). 

An important example of an operad is provided by the following data. Suppose 
C(n) = hS n . If a G S n , ir — (mi, . . . , m n ) G TL(m, n), r, G , i = 1, . . . ,n, then 
define 

E = Gomp 7r ((T, n, . . . , r„) G 5 TO 

by the rule: if fc = (i,j) n G {l,...,m} then fc£ = (iajn)™. 

The principle of constructing such compositions is clearly shown by the following 
simple example: 

'l 2345678 9 N 



Comp^ 4 )((123),(132),(12),(234)) = 



756981342 



Graphically, this composition can be expressed by the diagram 

123456789 




123456789 



The operad obtained is called the operad of symmetries and denoted by Sym. 

Suppose C is an operad. If C(n) is endowed with a right action of the symmetric 
group S n for all n > 1, and for any ir = (mi, . . . , m n ) G II(ra, n), tp G C(n), a G S n , 
ipi G C(mj), Tj G SVn,;, i = 1, . . . , n, we have 

Comp™(^, , . . . , ) = Comp^, ^1, . . • , ^)WM,,t„) ] 

then the operad C is said to be symmetric. 

For example, Sym is a symmetric operad with respect to the regular right action 
of S n on Sym(rt): ip a — ipa, a G S n , f> G Sym(ri) = hS n . 
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Let Ci, C2 be two operads. A functor F from C\ to C2 is a family of linear maps 
F n : Ci(n) — ► C 2 (n), n > 1, which preserve the composition rule and the unit. If Ci 
are symmetric operads, and each F n is S^-invariant then F is said to be symmetric. 

If Ci, C2 are two (symmetric) operads, then the collection of spaces C(n) = 
C\{n) ®C2(n), n > 1, defines a (symmetric) operad with respect to the component- 
wise composition (and symmetric group action). We will denote this operad by 
C 1 ®C 2 - 

1.3. Examples of operads. We have already considered the operad Sym built on 
symmetric groups. Let us now state some well-known examples of operads that 
will be used later. Throughout the rest of the subsection, 7r stands for a partition 
(mi, . . . , m n ) G II(m, n), a is a permutation from S n . 

1.3.1. Operad £. Set £{n) = k™, and let {e^\ . . . , e^} be the standard basis of 
k". Define a composition rule and ^-action as follows: 

oomp (e^ ,e jl , . . . , e jn ) — e TOi+ ... +TO ._ i+J -., 

(n) (n) 

This is a symmetric operad. In fact, £(n) can be considered as an image of Sym(n) 
under the map F n : kS n — > k™ given by F n (a) = aS n -i, assuming (in)S n -i is 
identified with e . The family of maps F n , n > 1, defines a functor from Sym to 
£, however, non-symmetric. 

1.3.2. Operads Vec^. Let V be a linear space over a field k. Define an operad which 
is also denoted by V as follows: 

V(n) = Rom(V® n ,V), n > 1, 

Comp is the ordinary composition of multi- linear maps. If / G V(n) then set 

f a (vi, ...,v n ) = f(v la , . . .,v na ), Vi € V. 

This is a symmetric operad. We will denote the class of operads obtained in this 
way by Vec k . 

1.3.3. Operads if -mod. Suppose H is a cocommutative bialgebra with a coproduct 
A : H — > H ® H . We will use the standard Sweedler's notation: 

A(h) = /i(i)®/i( 2 ), A 2 (/i) = (A<8>id H )A(h) = (id H ®A)A(/i) = ® /i (2) <g)/i (3 ), 

etc. 

For every left ii-modulc M one may consider 

Af (n) = Hom H8 „ (M® n , 77®" ff M), (6) 

where H® n is considered as the outer product of regular right iJ-modules. 
An arbitrary / G M(n) can be expanded to a map 

/ : (H® mi ® H M)®---® (H® m " ® H M) -> H® m ® H M 

by the following rule: if G t G ii® m * ,o i eM,i = l,...,n, then 

/(Gi ® H ai, . . . ,G n ® H a n ) 

= (Gi ® ■■■ ®G n ® H l)(A mi_1 ® ■ ■ ■ ® A™"" 1 ® H id M )/(ai, . . . , a„). (7) 
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This expansion makes clear what is a composition of maps ([6]). The action of S n 
on M{ri) can be defined by 

ip a (ai,...,a n ) = (er (g> H id M )(p(ai a , ■ ■ ■ , ow), 

where <g> ••• ® ft.J' 7 = {h lrT -i <g> ■■■ ® ft^-i) G i?®". 

We will denote the operad obtained in this way by the same symbol M. The 
class of all such operads is denoted by H-mod. 

1.3.4. Operad Alg. Let X = {xi, x?, ■ . ■ } be a countable set of symbols. Define 
Alg(n) to be the linear span of all non-associative words obtained from xi . . . x n by 
some bracketing. The natural composition rule 

Comp 7r (u,Wi, ...,V n ) = u(vi (35(1,1)*,. • ■^(l,mO*)i • ■ •>VraOC(n,l)*,- ■ • , «(n,m„)*)) 

(8) 

defines a (non-symmetric) operad denoted by Alg. 

Consider Alg g (n) = Alg(n) ® k^n endowed with a composition rule 

Comp^ (u <g> cr, Ui (g) n, . . . , v n <g> r„) 

= Comp™ (u, Wicr, . . . , tw) (g> Comp 7r<T (cr, Tier, ... , T ncr ). (9) 

Hereafter, we will identify (x\ . . . x n ) <X> a with the word (xi a . . . x na ). Under the 
natural action of S n , Alg s is a symmetric operad. 

If C is a symmetric operad and $ is a functor from Alg to C then $ can be 
extended to a functor from Alg s to C by the obvious rule 

$n(u ®a) = $, l (u) CT , u e Alg(n), a e S n - 

1.3.5. Operad VarAlg. Let Var be a homogeneous variety of (non-associative) al- 
gebras defined by a family of polylinear identities. Denote by ky a r{A} the free 
algebra in this variety generated by X = {x\,X2, . . . }. There exists an ideal Tvar 
of the free algebra k{A} such that ky a r{A^} — k{X}//var- 

Each space A\g s (n), n > 1, can be considered as a subspace of k{A}. Denote 

VarAlg (n) = Alg s (n)/(Alg s (n) n Z Va x)- 

Since the variety Var is homogeneous, the composition map and the symmetric 
group action are well-defined on the family {VarAlg(n)}„>i, so we obtain a sym- 
metric operad. The family of projections Alg s (n) — > VarAlg (n) is a functor from 
Alg s to VarAlg, we will also denote it by Var. 

1.4. Algebras and pseudo-algebras. Let A stands for a (non-associative, in 
general) algebra over k. Then there exists a functor (also denoted by A) from 
Alg to the operad A e Vec^ built on the underlying space. Indeed, for every 
u = [x\ . . . x n ) 6 Alg(n) define A n (u) : a% ® • • ■ ® a n — > (a% . . . a n ) G A. 

Conversely, every functor from Alg to A G Vec^ defines an operation A ® A — > A 
which makes A to be an algebra. 

Therefore, the notion of an algebra can be identified with the notion of a functor 
from Alg to an operad from Vecjj. Similarly, a pseudo-algebra [H] is just a functor 
from Alg to an operad from _ff-mod. Since Vec^ and H-mod consist of symmetric 
operads, a (pseudo-) algebra can be considered as a functor defined on Alg s (n). 

This is now clear how to define varieties of pseudo-algebras. Indeed, suppose 
Var is a variety as in 11.3.51 An (ordinary) algebra A belongs to Var if and only if 
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there exists a functor A : VarAlg A E Veck such that A = Var o A. For pseudo- 
algebras, one should replace Veck with H-mod to obtain a definition of what does 
it mean that a pseudo-algebra C belongs to the variety Var [TU] . 

This approach leads to pseudo-algebraic identities as in [8] . If Var is defined by 
a family X of polylinear identities then a pseudo-algebra C is said to be a Var- 
pseudo-algebra if C satisfies the identities 

t (x\, . . . , x n ), t E S, 

where t* is obtained from t by the following way: every monomial a(x± a . . . x na ), 
a E k, a E S n , that appears in t should be replaced with a(a(E>H id)(a?i CT * • • ■ *x na ). 
The expression (x± a * • • ■ * x na ) can be evaluated at 01, . . . , a n G C by (O, its value 
lies in H® n ® H C. 

2. DlALGEBRAS AND CORRESPONDING OPERADS 

Consider an operad Dialg, analogous to Alg, generated by two binary products 
H, K The space Dialg(n) is the linear span of all terms obtained from X\ . . . x n by 
some bracketing with operations H, h, and the same rule as ([8]) defines compositions 
on Dialg. 

By Dialg s we denote the symmetric operad obtained from Dialg in the same way 
as Alg s is obtained from Alg. The operad Dialg (resp., Dialg s ) has the following 
property: for any (symmetric) operad C and for any ifi,if2 G C(2) there exists a 
unique (symmetric) functor \& : Dialg — > C (Dialgg — > C) such that ^(^l I" ^2) = 
ipi, ^>2(xi H X2) = ifi2- In particular, for C — Alg s <E> £ there exists : Dialg s — > 
Alg s (g) £ such that 

^2(xi h x 2 ) = x x x 2 ® dp, ^2(^1 H x 2 ) — xix 2 ® ef\ (10) 

It is clear that the functor ^> defined by (|10[) is full, i.e., v I / „(Dialg s (n)) = Alg s (n)(g> 
£(n). Throughout the rest of the paper, 'J stands for the functor Dialg s — * Alg s <g)£ 
defined by (flO)). 

Definition 1. A dialgebra A is said to be a Q-dialgebra if A satisfies the identities 

(x H y) h z = (x h y) h z, 1 H (y h z) = 1 H H z). (11) 

The purpose of this section is to prove the following statement. 

Theorem 1. For any 0-dialgebra A, considered as a functor Dialg s — > A G Veck, 
there exists a symmetric functor A : Alg s <£> £ — > ^4 swc/i i/iai A = 'J o v4. 

Let if be a cocommutative Hopf algebra with a counit s and an antipode S. 
If C is a left if-module then if® n ® ff C ~ ff®™" 1 ® C as a linear space 0. We 
will denote the isomorphism by i n (n > 1), namely, 

i„(/i! ®"'8/i„%a) = hxSih^)) ® ■ ■ ■ ® /i„_iS , (/i„ ( „_ 1 )) ® h n ^a, 

hi E H, a EC. 

For an operad C G if -mod denote by C^ ) the operad from Veck built on C as 
on linear space. 

Lemma 2. ^4 family of linear maps 

e n : C(n) -» C (0) (n), n > 1, 
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given by 

£„(/)(ai, . . . , a n ) = (e®"^ 1 <g> id)i„(/(ai, . . . , a„)), / € C(n), 
defines a (non-symmetric) functor from C to C^ '. 

Proof. The expansion rule |(7J) immediately implies that for all / G C(n), gi G 
C(mj), z = 1, . . . , n, 7r = (mi, . . . , m„) G LT(to, n), we have 

e m (Comp 7r (/,gi, . . .,#„)) = Comp 7r (e„(/), e mi (gi), . . .,e mn (g n )). 

Therefore, the family of maps e n , n > 1, defines a functor (also denoted by e). □ 

Let C stands for an ii-pseudo-algebra considered as a functor Alg s — > C G 
iJ-mod. By the universal property of Dialgg we have a uniquely defined symmetric 
functor from Dialg s to G Vec^ (also denoted by C^ ) such that 

Cf } (xi h x 2 ) = e 2 (C 2 (x 1 x 2 )) G C(°)(2), 

C< 0) (n H a*) = £ 2 (C 2 (x 2 zi)) (12) G C<°>(2). 
In particular, for every a, b £ C 

a\- b = [xi h a; 2 )(a, 6) = (e <g) id)i 2 (a * »), 
a H b = C^\x\ H x 2 )(a, b) = s 2 (C 2 (x 2 xi))(b, a) = (e ® id)i 2 {a * 6}, 
where {a * 6} = ((12) (g># id) (a * 6). 

Lemma 3. For every H -pseudo-algebra C the corresponding dialgebra given 
by (I12p is a O-dialgebra. 

Proof. It is straightforward to check that the identities (fTTj) hold on . □ 

Proposition 4. For every O-dialgebra A there exists an H -pseudo-algebra C = 
C(A) over H = k[T] such that A is embedded into C*- -*. 

Proof. Here we consider k[T] with respect to the usual Hopf algebra structure: 
A(T) = T <8 1 + 1 ® T, e(T) = 0, 5(T) = — T. 

Let A be a O-dialgebra. Denote (a, 6) = a h 6 — a H 6. It follows from (fTTj) that 
(a, 6) h c = 0, a H (6, c) = for all a, b, c G A 

Consider the linear space 

C = (if ® A) ® ((4 ® vl)/ Span{(a, 6) ® (c, d) | a,b,c,d£ A}) . 

The first summand is a free ii-module, the second one can be endowed with an 
-H- module structure as follows. Define T : A (£> A — > A by 

T(a® 6) = (a, 6), a, 6 G A, (13) 

and note that {/ = Span{(a,6) ® (c, d) | a,b,c,d G A} lies in the kernel of T. 
Therefore, T is well-defined on (A ® A)/[/. 

Later we will identify 1 ® a G if ® A with a, and write a <g> 6 (a, 6 G A) for its 
image in C . 

The pseudo-product on C can be defined as follows: 

a * b = 1 (gi 1 ®h (a h 6) - T® 1 ® ff (a® 6), (14) 

a * (6 ® c) = 1 ® 1 ® H a ® (6, c) = 1 <8 1 ® H a (g> T(6 ® c), (15) 

(a ® 6) * c = -1 ® 1 ®# ((a, 6} (g c) = -1 (8i 1 ® H (T(a ® 6) ® c), (16) 

(o®6)*(c®d) =0. (17) 
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This operation is well-defined and i/® 2 -linear. It is easy to see that A is a subdi- 
algebraof C<°). □ 

Lemma 5. Suppose C is an H -pseudo- algebra. Consider a family of linear maps 

Ci £) : Alg s (n)®£(n)^C (0) ( n), n > 1, 

defined by the following rule: if C n (/)(ai, . . . , a„) = ^ hij (£> ■ • • <8> <8>/f 

i 

/ S Alg s (n), a,,6j G C, hij G if, £/ien 

i 

c n (f ® e j)( a i= ■■■,««) = yjg(feij r?: //„, ;•//,,'',. 

j 

These maps define a symmetric functor C' e ) : Alg s <£> 5 — > C*- ^ G Vect. 

Proof. This is straightforward to check that 

(^ e) (/® e l ( " ) )) <T = 4 e) (r®4" ) ). /eAlg s (n), i = l,...,n, aeS, 

It remains to prove that C^p preserve compositions. Since the composition rule 
is equivariant and associative, it is enough to consider tt = (n, m — n) G II(m, 2), 
x\X2 G Alg(2), ui G Alg(n), u 2 G Alg(m - n), and 

C$ (Com^(x lX2 ® ef >, « x e<: n) , u 2 ® e< ro -">)) 

= GW(/®4*i), P = \ k ' l = 1 ' (18) 

(^71 + 4, i = 2, 

where / = ui{x\, . . . ,x n )v,2(x n +i, . . . ,x m ). Now it is easy to note that 

Comp(— > (Cf ( Xl x 2 9 ef >) , C« (m 8 ef), (u 2 ® ef*-"')) 
coincides with (TI51). □ 



Proof of Theorem [7J Let A be a O-dialgebra. Denote by C its enveloping pseudo- 
algebra from Proposition 2] The functor C : Alg s — > C G H-mod induces two 
functors C< 0) : Dialg 5 -> , : Alg s ® £ ^ C(°) . It is easy to see that 

* o C( £) = C(°). Therefore, if *„(/) = for some / G Dialg 5 (n) then c£ 0) (/) = 
in C^(n). But A is embedded into C^°\ hence, / is an identity on Aq. 

Therefore, a polynomial / G Dialg s (n) is an identity on a O-dialgebra A provided 
that ^n(f) = 0. Hence, there exists a family of linear maps A n : Algg(n) ®£(n) — » 
A(n) such that A n — ® j4 n , n > 1. This family defines a symmetric functor A 
from Alg s (g) £ to A G Veck. □ 

One may construct an operad 0-Dialg related to the variety of 0-dialgebras in 
the same way as VarAlg relates to a variety Var. 

Corollary 6. The operad f-Dialg is equivalent to Alg s ® £. 

3. Varieties of dialgebras 

Suppose Var is a homogeneous variety defined by a family X of polylinear 
identities in X = {x\, x 2 , . ■ ■ }. Then iyar is an ideal of k{A} generated by 

{t(f 1 ,...J n )\t(x 1 ,...,x n )e^ 1 f l ek{X}}. 

Theorem [T] implies that every O-dialgebra A is actually a functor from Alg s ® £ 
to A G Vecik. In view of this observation, the following definition is quite natural. 
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Definition 2. A dialgebra A : Dialg s ->ie Veck is said to be a member of the 
variety Var of dialgebras (or Var- dialgebra) if there exists a symmetric functor 

A : VarAlg ®£ ^ Ae Vec k , 

such that ^ o (Var ® id) o A = A, i.e., the diagram of functors 

Dialg s ► A e Vec k 



•1 



A 



Alg s ® £ Var8id ) VarAlg <g> £ 



is commutative. 



Proposition 7. j4 dialgebra A belongs to the variety Var if and only if A is a 
O-dialgebra that satisfies the identities <8> ej n ^)> where t G E, n = degi, 

i = 1, . . . , n.. 

Proof. It is enough to prove the "if part only. Since ^4 is a O-dialgebra, it can be 
considered as a functor A : Alg s ® £ — » ^4 6 Vec^. 

Suppose / e (AJg s ®£)(n), / = £ /i®e| n) , /< G Alg s (rc). If (Var n ® id) (/) = 

then Var n (/j) = for all i = 1, . . . , n. Therefore, it needs to be shown that if 
Var„(g) = for some g G Alg s (n) then A n (g ® ej ) = for all i = 1, . . . , n. Since 
Ker Var„ = Alg 5 (n) fl /var, the element c; can be presented as 

9 = ^2 Comp^ (a k ,b kl ,..., b klk ) ak , 
fc 

where a fe G Alg s (/ fc ), b kj G Alg g (mjy)) 7r fe = (ma, ■ ■ ■ ,rn klk ) G II(n, Z fc ), c fc G S n , 
and for each k there exists j k £ {I, . . . ,l k } such that 

frfcj fc = Comp Tfc (t k ,c kl , . . . , c fcm J, t fc G E, c km G Alg s (q m ). 

For every i G {1, . . . ,n} one may present g ® e^ n ' as a composition in Algg ® £ 
with the same a k , b k j, t k , c km in the first tensor factor (since the composition 
rule in Alg s (g> £ is componentwise). Therefore, A n (<? <g) e|"' ) ) = provided that 
A„ lk (t k <8> e^, mfc) ) = for every p = 1, . . . , m fc . □ 

To deduce defining identities in the signature of a dialgebra, the following con- 
struction is useful. Consider the functor a : Dialg — > Alg ® Sym defined by 
c*-2(xi h~ x%) = X1X2 ® id2, o.2{x\ H X2) = £12:2 ® (12). Denote by E the following 
functor from Sym to £: E n (a) — e' n _ 1 . 

Lemma 8. If u® a G Dialg s (n), a n (u) = v ® r, £/ien 

*„(u®ct) = («<g>cr) ®£„(t)' t . (19) 

Proof. Denote the right-hand side of (fill)) by $„ (m ® cr). It is enough to check that 

1) <P n ((u®a)) ai = $„(u® o-CTi); 

2) the maps $„, n > 1, preserve composition. 

The first is obvious. The second needs to be checked for u — U\ h U2 and 
it = u\ H U2, cr = id„, Ui G Dialg(rii), ri\ + n2 = n. 
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If u = ui h ii2, a ni (ui) = Vi ® Tj, then a n (u) = V1V2 <8> Comp'™ 1: " 2 ^(id2, n, t 2 ). 
Hence, 



<&„(u <g> id„) = wiw 2 ® id„ (g)e (,l) ( 

rti+n 2 T 2 



On the other hand, 



Comp (lll '" 2) (a;ia;2 ® e 2 2) , $ ni («i ® id m ), $ n2 (u 2 ® id„ 2 )) 
= (v lV2 ® id„) <g Compt" 1 ^ 2 ' (e 2 2) , e^l,, e^U) = ® id n ®e^_ 



+n 2 T 2 



If u = Ui H«2, cc ni (ui) — Vi<E>n, then a n (ti) = wiw 2 ® Comp < - ni '™ 2 - l ((12), n, t 2 ). 
Hence, 



<J>„(w ® id„) = ^1^2 ® id„ ®e (n) 



On the other hand, 



Comp (ni,n2) (a:^ ® ef ) , $ ni («i ® id ni ), $„ 2 (u 2 ® id„ 2 )) 

= (« lVa ® id„) ® Comp( ni '™ 2) (ef ) , e (ni L , e^U) = v x v 2 id„ ®e (n) _ x . 

Therefore, the sequence $„, n > 1, defines a symmetric functor $ from Dialgg 
to Alg s ® 5 that coincides with * on Dialg s (2). Hence, $ = □ 

In order to get \E'~ 1 (y®a®e^^ for some word v G Alg(n), <r 6 S n , i G {1, . . . , n}, 
it is enough to put the signs H, h of dialgebra operations on the word v with the 
same bracketing in such a way that for the dialgebraic word vf G Dialg(n) obtained 
one has a n (yf) = v (8> r, where zc -1 = nr _1 . Then vf (g) cr € Dialg s (n) would be a 

preimage of w ® cr ® e- with respect to 

The method is quite clear. Suppose v ® a — {x\ a . . .x n<T ) G A\g s (n). Then 
vf ® a = {x\ a h ,.. hij H ... H aw)i i-e., the dashes are always directed to the 
variable Xi. 

Let us consider some examples of varieties. 

Associative dialgebras. In this case E = {(xi, X2, X3)}, where (x,y,z) — (xy)z — 
x(yz). Lemma [8] implies that 

^ 3 1 ((x 1 ,x 2l x 3 ) ® ep) = (a;i,af 2 ,a;3)H) 

^3 1 ((x ll X2,x 3 ) <8> e^ 3) ) = (xi,X2,x 3 ) x , (20) 
* 3 _1 ((a;i,a;2,a;3) (8)e^ 3) ) = (xi, x 2 , x 3 )\-, 

where 

(x, y, z)-\ = (x H y) H z - a; H (y H z), (ar, y, z) x = (x h y) H z - a; h (y H z), 
(a;, y, z) h = (x h y) h z - a; h (y h z). 

Together with (flT|) , the identities (f2"0"|) are exactly those introduced in [51 [3] . 
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Commutative dialgebras. Let E = {(xi, X2, X3), x\X2—X2X\\. The first identity 
implies (|20[) as before, the last one is equivalent to 

x\ b X2 — X2 H x\. (21) 

Therefore, a commutative dialgebra A can be considered as an ordinary algebra 
with respect to ab = a b b, a, b £ A. In this case, we obtain an associative algebra 
that satisfies 

[a?i,a;a]a;3=0. (22) 

Conversely, an arbitrary associative algebra that satisfies (|22|) is actually a commu- 
tative dialgebra. 

Alternative dialgebras. Suppose £ = {(xi, X2, X3) + (x 2 ,Xi,X3), (xi,X2,x 3 ) + 
[Xi, X3, X2)}- We have already seen what is obtained from (X\, X2, X3) e\ under 
^3 . Therefore, the identities S give rise to 

{xi,X2,x 3 )-\ + {xi,x 2 ,x 3 )^ 2 \ (xi,x 2 ,x 3 )\- + {xi,x 2 ,x 3 )l} 2 \ 

(23) (23) J 

(xi,X2,X 3 )-\ + (x 1 ,X2,X 3 )\ (xi,x 2 ,x 3 ) x + (x l7 x 2 ,x 3 )l '. 

These relations are equivalent to those introduced in [4j. 

Lie dialgebras. If £ = {(xi,X2,x 3 ) — X2{xiX 3 ), X\X2 J rX2X\\ then the correspond- 
ing dialgebra identities include 

x\ H x 2 + x 2 b X\. 

A Lie dialgebra A considered as an ordinary algebra with respect to [ab] = a b 6, 
a, b £ A, is just a left Leibniz algebra. Conversely, every left Leibniz algebra L is a 
Lie dialgebra with respect to ah b = [ab], a H 6 = —[6a]. Therefore, a Lie dialgebra 
is just the same as a Leibniz algebra. 

Jordan dialgebras. Let £ consists of the commutativity identity and 

X\ {X 2 (X3X4)) + (X 2 {XIX 3 ))X4 + X 3 (X2{XIX4:)) 

= (xiX 2 )(x 3 X4) + (x 1 X 3 )(x 2 X4) + {x 3 X 2 )(xiX4)- (24) 

The last one is a polylinear Jordan identity. 

Therefore, a Jordan dialgebra satisfies commutativity relation x\ H X2 — £ 2 b x\ 
and the following four identities: 

xi H (x 2 H (x 3 H X4)) + (x 2 b (xi H 353)) H 14 + S3 h (x 2 b (xi H x 4 )) 

= (xi H x 2 ) H (X3 H ar 4 ) + (x\ H x 3 ) H (x 2 H £4) + (x 3 b x 2 ) b (aci H x A ). 

xi b (x 2 H (353 H 334)) + (x 2 H (xi H af 3 )) H i 4 + s 3 h (x 2 H (ati H x 4 )) 

= (xi b x 2 ) H (#3 H x 4 ) + (xi b x 3 ) b (x 2 H X4) + (x 3 b x 2 ) H (a;i H ar 4 ). 

sci b {x2 b (353 H £4)) + (x 2 b (xi b at 3 )) Hi 4 + i 3 H (x 2 H (xi H x 4 )) 

= (xi b x 2 ) b (x 3 H X4) + (xi b at 3 ) H (aj 2 H 14) + (x 3 H af 2 ) H (»i H 2:4). 

Xi b (x 2 b (x 3 b £4)) + (x 2 b (xi b £3)) hl 4 +l 3 h (x 2 b (xi b £4)) 

= (xi b af 2 ) b (2:3 b Xi) + (xi b 373) b (x 2 b £4) + (2:3 b X 2 ) b (a?i b £4). 
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Being expressed in terms of single operation, say, xy = x h y, these identities 
together with (fTT|) turn into 

{x\x 2 )x 3 = (x 2 xi)x 3 . (25) 

({x 4 x 3 )x 2 )xi + x 4 ,(x 2 (x 3 x 1 )) + x 3 {x 2 (x 4 xi)) 

= (2:411:3 )(x 2 2i) + {x4X 2 ){x 3 xi) + {x 3 x 2 )(x4Xi). (26) 

xi^x^x^x^ + X4,((x 3 xi)x 2 ) + £3 ((£42:1)0:2) 

= (x4X 3 )(xix 2 ) + {xix 3 ){x4X 2 ) + {x i x 1 )(x 3 x 2 ). (27) 

Identities (|26|). (f27|) and (125|) define a variety of algebras that relate to Jordan 
algebras as Leibniz algebras relate to Lie algebras. These algebras inherit the 
important property of Jordan algebras: the commutator of two operators of left 
multiplication is a derivation of the algebra. 

4. Relation to pseudo-algebras 

Suppose Var is a homogeneous variety defined by a family of polylinear identi- 
ties S. 

Theorem 9. If C is an V&r-pseudo-algebra over a cocommutative Hopf algebra H 
then C<°) is a YsLi-dialgebra. 

Proof. Every identity t S £ of degree n can be considered as an element of Alg g (n), 
i.e., t = t a ®a,t a e Alg(n). 

Let us fix a linear basis {hi} of H and some elements <zi, . . . , a n G C. Denote 
C n (t <T ®o-)(ai ) ...,a n )= ^ h ^ ® ' ' ' ® ^"-i ® 1 ® ff ^ii.-.tn-iiff- 

il,...,in-l 

Since C is a Var-pseudo-algebra, we have &ii,...,i»_i;cr = for all , i n -\- 

<t6S„ 

By Lemma [5] 

(t a ® a ® e [ p ] ){ai, . . . ,a n ) = ^ e ( h n — h in-i) h ij h ii,...,i n -v,cT 

ii,...,i„_i 

for j ^ n, and 

C^ ) (t CT ®cr®e(" ) )(ai,...,a„) = e(/i il . . . fti n _ 1 )6i 1 ,...,i„_ i;CT . 

ii,. ..,i„_i 

Therefore, ^(^(i <8> e* rl) )) = <8> ej n) ) = in C^(n), so, C^ ) is a Var- 

dialgebra. □ 

It turns out that the converse is also true: a Var-dialgebra can be embedded 
into a pseudo-algebra (over H = k[T]) that belongs to the variety Var of pseudo- 
algebras. 

Let A be a Var-dialgebra. Since A is in particular a O-dialgebra, there exists a 
pseudo-algebra C such that A is a subdialgebra of The purpose of this section 
is to show that one may choose C from the variety Var of pseudo-algebras. 
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Recall the construction from Proposition [4j consider C = Cm) ® C(i), where 
Co = H O A, Ci = (A ® A)/U, H = k[T], U = Span{(a,6) <g> (c,d) | a,6,c,d € A}, 
and the pseudo-product is given by (fT4|) - (fT7|) . 

As before, we identify A and C with the symmetric functors A : Alg s ® £ — > 
A G Veck, C : Alg s — > C G if-mod, respectively. 

We will denote by if" 5 the element (T ® 1 ® • • • ® G #® n , i = 1, . . . , n, 

and let T (n) stands for 1 <g> • • • <g> 1 G #® n . 



Lemma 10. Suppose t G Alg(n), oi, . . . , a„ G A. TTiera 



n-i 



C„(t)(ai, . . . , an) = T (n) ® H x - T * n) ®H x h 



i=i 



where x G Cm), £C, G Cm, 

io=4(t«eW)(oi,...,o Il ) l (28) 
T:c i = A„(t®4 n) -t®ef' ) )(ai,...,a n ), i = l,...,n-l. (29) 



Proof. For n = 2 the statement is clear from (|14[) . Assume we have the required 
relations for all terms of degree k, k < n. Then an arbitrary t G Alg(n) can be 
presented as t = Com-p ( - m ' n ~ m \x 1 X2,t 1 ,t 2 ), h G Alg(m), t 2 G Alg(n - m). By the 
assumption, 



rn — l 

C m (*i)(oi, . . . , a m ) = T (m) ®jj x - ^ T- (m) ® ff cci, 

i=l 
n— m — 1 

C n _ m (t 2 )(a ro+ i, . . . , On) = T (n ~ m) ® H yo~ ^2 T^ n ~ m) <g> H y r 

3 = 1 

Direct computation shows that 

C n (t)(ai, . . . , On) = C m (ti)(oi, . . . , a m ) * C Tl _ m (i2)(a m +i, • ■ ■ , a n ) 

m 

= T (n) ® H (x h y ) - X] ^ (n) ®« ( x " ® »0) 

i=l 

m— 1 n — m — 1 

» .a, /• T^* \ .a, „, \ " rp(n) 



i=l j=l 



Therefore, 



where 



n-l 

C„(t)(ai, . . . , a„) = T (n) ® H z - T ^ ® H z ^ 



»=i 



'x I- 2/o, i = 0, 

£o ® 2/0 - ® 2/0, i = l,...,m-l, 

£o®2/o, i = m, 

XQ®Ty l ^ m , i = m + 1, . . . , n - 1. 
By the assumption, 

x = A m (ti ® e^)(oi, . . . ,a m ), y = Ai.-m(*2 ® e^ l ™_"J l) ) (a m+ i, . . . ,a n ). 
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Hence, 

z = A„(Comp 7r (a;ia;2 <8> 4 ,*i <g) e^\t 2 <8> ■ ■ ■ > a n) 

= A„(t0el n) )(ai,...,a„), 
where 7r = (m, n — to) £ II(n, 2). Similarly, for z = 1, . . . , m — 1 one has 

Tz; = x h y - H 2/0 - ^ h y + H y 

= A„(Comp w ( Ill2 ® (ef - ei 2) ),ti ® , t 2 ® 4-"^ ) ) (oi , ...,«„) 

- J 4„(Comp^( a ;ix 2 ® (e< 2) - ef } ),ti ® - ej m) ),ta ® e<££°))(oi, -,««) 

= A n (t ® el") - 1 ® eW - t ® + * ® eg 1 ' + t ® - t ® e{ n) ) (oi, . . . , a„) 

= >4 n (t<8)(eW-ei' ,) ))(oi s ...,a n ). 

In the same way, one may proceed in the remaining cases for i — m, m+1, . . . , n. □ 

Lemma 11. Suppose t £ Alg s (n), i = w ® cr, u £ Alg(n), a £ and let 
oi, . . . , o„ £ A. TTien 

n-l 

C„(t)(ai, . . . , a„) = T (n) (g)jj a; 0) <T - ®H Xi,a, 



i=l 



where xq £ C(o)> S ^(1); 



aio.a = A„(t(g)e^™ ) _ 1 )(ai,...,a„), (30) 
2V = A n (t ® (4™-i - ej"i 1 ))(ai, . . . ,a„), i = 1, . . . ,n - 1. (31) 
Proof. By the definition of the operad C £ iT-mod, 

C n (t)(ai, . . . ,a„) = (cr ®h id)C„(u)(oi<r, ■ ■ ■ ,a n(T ). 

I— m f 1 ( ) 

ByLemmaHni C n (u)(a 1<7 , ...,a n<7 ) = T^ n> ® H y - T> n '(g) H yi, where y , yi, ...,y n 

i=l 

satisfy ((2SJ. 

If ncr = n then the statement is obvious. Suppose nc ^ n. Since cr : ZJg i— > 
we have 

n-l 

C n (t)(ax, . . . , an) = T (n) ® H yo~J2 T ^ ® H »< 



1 < j < n - 1 
j / no- 
n-1 

= r ( ' l) ®tf (1ft) - TWO + I] ^ ®H (!/«„-! - (1 - *,««r)l/to-i). 

i=l 



Therefore, 

!yo-Ty na -x, i = 0, 
-y n «-i +Via-i-, i + na, 
-y n(7 -i, i = na. 

It remains to apply ([28]) and |(29]) to obtain ([30]) and ([3l]). □ 
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Lemma 12. Suppose t G Alg(n), ai,...,a n G A, b G A. Then for every i — 
l,...,n 

C n (t)(ax, . . . ,aj_i,aj ® Mi+l: . . .,a„) = T (n) Xj, 
where Xi G Cm, 

Txi = A n+1 (fi ® (e|"^ 1) - e 4 ( " +1) ))(ai, . . . ,a u b, a i+ \, . . . ,a n ), (32) 

/i t(xi 7 ■ • ■ i -Ki-Ei-l-l ; ; ■ • ■ i ^n+1 ) • 

Proof. Suppose t G Alg(n). If n = 1 then the statement is clear. Assume we 
are done for any k < n. It is sufficient to show the required relations for t = 
(xi . . . x n ) G Alg(n). Let us present t as t — Comp*-" i '™ _m - ) (xiX2, £1,^2), 1 < m < n, 
t\ = (x\ . . . x m )i, ti = (x\ . . . x n - m )2, where (. . . )i, (. . . )a are some bracketings. 
Suppose i G {1, . . . , m}. Then 

C n (t)(a 1 ,...,a i <g> bi,...a n ) 

= C m (ti)(ai, . . . , flj ® hi, . . . a m ) * C n ~ m (t 2 )(a m+ i, . . . , a n ). 

By the assumption 

C m (ii)(»i, ...,ai®b,..., a m ) = T (m) (g> H xu 
where xi G Cm satisfies (f3"2"j). and by Lemma ITTJI 

n — m— 1 

C n _ m (t 2 )(om+i ; • • • , an) = !T (n ~ m) (gi H yo- ^ T^ n ~ m) ®h yj, 

3 = 1 

Vq = A n -m (h ® e^L^) (a m+ i, . . . , a„), G C (1) for j = 1, . . . , n - m. 
Since Cnj * Cn) = 0, we have 

C n (t)( ai , . . .,Oi®6, . . .,a„) = (T o (m W*0*( T o (n ~ ro) ®*l/o) = -T ( "W (Txi®y ). 
Hence, it is enough to consider —T(Txi (8> yo) — Tx% H yo ~ l~ Ho- Recall that 

Txi = A m+ i(fi ® (eV^ -1 ' - e l (m+1) ))(ai, . . . ,a,,6, . . . ,a m ), 
where /* = ii(xi, . . . ,0^+1, . . . ,x m+ i). Therefore, 

Tx t ~\y Q - Txi h y = Fj(ai, . . . ,a,,6, . . . ,a„), 

where 

= Comp^+^— ) (x^ ® (el 2) - ) , /, ® (e^ +1) - e 2 (m+1) ) , t 2 ® e^) 

= . . .,2^+1, . . .aj m+ i)t 2 (a; TO+ 2, ■ • ® (e|" +1) - e l (n+1) ) 

= t(ari, . . . ,XiX i+ i, . . .x n+ i) ® (e>™ +1) - e|™ +1) ). 

The remaining case i G {m + 1, . . . , n} is completely analogous. □ 

Lemma 13. Suppose t G Algg(n), t — u ® cr, u G Alg(n), cr G 5„, and Zei 
01, . . . , a n £ A, b G A. Then for every i = 1, . . . , n 

C„(t)(ai, . . . , Oi_i, a, ® 6, Oi+i, . . . , On) = Tq™- 1 ®h Xj, 
where Xi G C 1 ^), 

= A„ + i(/j ® (erl - ! 1 ^ - e i ( ^ 1 1) ))(ai, . . .,04,6,^+1, . . . ,a„), (33) 
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Proof. By the definition of the operad C £ -ff-mod, 

C n (t)(ai, cti-x, a,i ® b, a i+1 , . . . , a n ) = {a ® H vS)C n {u){z\, z n ), 

where Zj — a,j a for j ^ ia^ 1 , and z ia -i — ai®b. By Lemma [T2l we get the required 
relation. □ 

Theorem 14. For everyV&v-dialgebraA there exists aVai-pseudo-algebra Cy al (A) 
such that A C C V ar(-4) (0) • 

Proof. Consider the pseudo-algebra C = C (A) from Proposition [4j It is enough 
to show that there exists an ideal I of C such that / n Cm) = and C/I is a 
Var-pseudo- algebra. 

Recall that E is the system of polylinear defining identities of the variety Var. 
For any t G E of degree n > 2, consider the expressions 



n-l 

C n (t)(ai, . . . , a„) = T (n) ® ff x - ^ T l (n) ® ff a^, (34) 

i=l 



C n (t)(ai, . . . ,aj^i,CLj ® 6,Oj+i, . . . ,a„) = T (n) ® H t/j, (35) 

for all ai, . . . , a„, b £ A, j = 1, . . . ,n. By (J25J) and (13TJ)) we have x = 0. 

Denote by I the linear span of all elements Xi, yj G C7(i) from *,J > 1. 

for all ai, . . . , a n , b G A and for all t G E. It follows from Lemmas [TUHT51 and (|15p. 
(|16| that / is actually an ideal of the pseudo-algebra C. Moreover, it is clear that 
Cy al (A) = C/I (as a pseudo- algebra) satisfies all of the identities i £ E: if two or 
more arguments among x\, . . . ,x n G C belong to Cm then C n (t){x\ 1 . . . , x n ) = 
by (HZ}. □ 

Remark 15. Theorem [T4l provides another proof of Proposition [7J 

Indeed, if A is a 0-dialgebra that satisfies t ® ej™^ ,tsE, deg t = n, i = 1, . . . , n, 
then there exists a Var-pseudo-algebra C such that A C C*- -'. If g G Alg s (n), 



Var„(g) = 0, then by Lemma [5] we have Cn (g ® ) = for all i = 1 
Therefore, g ® is an identity on C^ D A. 



. n. 



Proposition 16. Let A be a Ysn-dialgebra, and let P be a Yar-pseudo-algebra over 
H = k[T] such that there exists a homomorphism of dialgebras ip : A — » P^ and 
f{a) * f{b) = X) hi ® 1 ®£f c «7 deg ft.,; < 1 /or a/Z a, 6 G A. TTien t/iere exists a 

i 

homomorphism of pseudo-algebras Cy &I (<p) : C\- al (A) —> P such that Cy aT ((p)\A — 
(p. 

Proof. Let us first consider the case when E = 0, i.e., A is an arbitrary 0-dialgebra. 

Suppose P is a pseudo-algebra over H = k[T] that satisfies the conditions of the 
proposition. Since k may be of positive characteristic, we need a slightly different 
definition of n-products: 

X(n)y = Zn, X,y G P, 

where 

x * y = J^T S ® 1 ®f/ z s . 

s>0 

Then x („) y = for n ^> 0, and iJ® 2 -linearity implies 

Tx (n ) y = x („_i) y, x ( „) Ty = T(x (n) y) - x („_!) y, (36) 
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assuming x r_i) y = 0. 
For all a, b € A we have 

LP {a h 6) = 99(a) (o) f(b), <p(a H b) = 99(a) (0) 99(6) + T(cp(a) w 99(0)) (37) 

since ip : A — > P' ' is a homomorphism of dialgebras. 

Lemma 17. for a/Z a, 6, c, d € A we /iaue (99(a) (!) 99(0)) r n ) (</ ? ( c ) (l) f{d)) = 
/or 7i > 7 and (99(a) (1) 99(6)) (n) 99(c) = 0, 99(a) (n) (99(0) w 99(c)) = for n > 1. 

Proof. Denote 99(a), 99(0), 99(c), 99(d) by x, y, z, u, respectively. 

There exists N > such that x i n ) (y (1) z) = for all n > N. Suppose that the 
minimal of such iV greater than 2. Then by (f37f 

& (W) T(y (1) z) = a; (jv) <^(& b c) - x m 99(0 H c) = 0. 
On the other hand, by (136)) 

x (at) T(y (1) z) = T(x (JV) (y (1) z)) - a; (iV -i) (y (1) z), 

so x (iv-i) (j/ (1) z) = in contradiction with the minimality of N. Other state- 
ments of the Lemma can be proved in a completely similar way. □ 

Define a map ip : C(A) — > P by the following rule: 

<g> a) = h(T)(p(a), ip(a <g> b) = -99(a) (i ) 99(6). 

The second equation actually means that we define ip : A ® A — > P, then by 
Lemma [T7l we have U — Span{(a, 6) (g> (c, d) | a, 6, c, d £ ^4} C Ker^. 

It remains to show that ip is actually a homomorphism of pseudo- algebras. Re- 
lation (l37j) implies that ip is P-lincar. To check that ip preserves *, one should 
proceed with four cases following (fT4|) -(fT7 |) . Let us consider the second case for 
example: a * (o ® c) = 1 ® 1 <25# a ® (0, c), V( a ® (°i c )) = —f( a ) (1) c )) — 

^(a) (i) T(ip(b) (i) 99(c)) = T(tp(a) (1) (99(6) (1) 99(c))) - 99(a) (o) (99(6) (i) 99(c)) = 
—99(a) (0) (99(0) (!) 99(c)) by Lemma [T71 On the other hand, ip(a) * ip(b ®c) = 
-1 <g> 1 (8) H 99(a) (o) (99(6) (i) 99(c)). 

Now, let £ be a nonempty family of polylinear identities defining a homogeneous 
variety Var, and let A be a Var-dialgebra. As we have proved, for any pseudo- 
algebra P satisfying the conditions of the theorem there exists a homomorphism of 
pseudo-algebras C(ip) : C(A) — > P such that (7(99)^ = 99. Recall that Cvar(^4.) = 
C/J, where / is spanned by all coefficients of C(A) n (t*)(ui, . . . ,u n ) £ H® n ®h 
C{A), t e E, 71 = degi, 14 e C(A), i = l,...,n. Therefore, J C KerC(99) and 
there exists a homomorphism CVar(92) with the required properties. □ 

5. CONFORMAL REPRESENTATIONS OF LEIBNIZ ALGEBRAS 

Recall the notions of a conformal endomorphism [5J 111) and a representation 
of an (associative or Lie) pseudo-algebra [S]. We will generally follow [TU] in the 
exposition. 

Consider a left module M over H = k[T]. By EndM we denote the associative 
algebra of k- linear maps from M to itself. A map a : k — > EndM is said to be 
locally regular if for any u 6 M the map 2 1— » a{z)u is a regular M-valued map on 
the affine line k. 

Note that EndM can be considered as a left H- module with respect to 
(/¥>)(«) = / ( 2)V(/(_i)«), feH,u€M,<pe End A/. 
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A map a : k — > End M is translation-invariant if 

fa(z) = f(z)a(z), feA.zeV. 

Definition 3. A conformal endomorphism of an -ff-module M is a locally regular 
and translation invariant map a : k — > EndM. 

The set Cend M of all conformal endomorphisms of M is a linear space which is 
also an _ff-module with respect to the action defined by 

(fa)(z) = f(z)a(z), f eH, a £ CendM, z £ k. 

It is easy to see that an -H-pseudo-algebra structure on a left ii-module C can 
be equivalently defined via an iJ-linear map n : C — > CendC. Indeed, the cor- 
respondence between the map \x and pseudo-product * is completely described as 
follows: if 

n 

H(a)(x)b — x s c s , b,c s eC, 

s=0 

then 

n 

a*b = ^2(-T) s ® 1 ® ff c s . 

For the -module CendM and for every a £ CendM one may define a map 
(a x -) : k — > End CendM as follows: 

(a z b)(w) — a(z)b(w — z), b £ CendM, z,wGk. 

This map may not be locally regular, so Cend M is not necessarily a pseudo-algebra 
(see [2J HUE]). However, some of its submodules are actually pseudo-algebras. For 
example, if M is a free iJ-module generated by a space Mo (i.e., M = H®Mq) then 
the current submodule Cur End Mo = H <£> End Mo C CendM, where (f®<p)(z) — 
/(— z)(idij ®</?), / 6 H, <p g End Mo, z G k, is always an associative pseudo-algebra. 

Every associative pseudo-algebra C can be considered as a Lie pseudo- algebra 
with respect to new pseudo-product 

[a* b] — a* b — ((12) ®u idc)(b * a). 

The Lie pseudo-algebra obtained is denoted by C^~\ In particular, if the entire 
Cend M is a pseudo-algebra (that is the case if M is a finitely generated 77-module) 
then CendM' - ' is denoted by gcM. Even if CendM is not a pseudo-algebra, we 
will use the following convention: L C gcM means that L is a subalgebra of some 
C { -\ where C C CendM is a pseudo-algebra. 

Definition 4. Let g be a Leibniz algebra, i.e., a Lie dialgebra. A homomorphism 
of dialgebras p : g — > L^°\ where L C gcM, is called a conformal representation of 
g on M. 

A conformal representation is said to be finite if M is a finitely generated H- 
module. 

Proposition 18. Every Leibniz algebra q has a faithful conformal representation. 
If dim g < oo then there exists a finite faithful conformal representation. 

Proof. Let us use [ab] for a H b, a,b E g. Denote by [ the (ordinary) Lie algebra 
q/ Span{[xa;] | x £ g}. If x £ g then x is the image of x in I. 
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Let V stands for an arbitrary nonzero (left) [-module. Set Mq = V (B (g ® V), 
M = H ® Mq. Consider the map 

p : g — > Cend M 

defined as follows: 

p(x) * u = 1 ® 1 (g>w 5u - T ® 1 ®w (x ® u). 

(38) 

p(a;) * (a ® u) = 1 ® 1 ®# (a ® xu — [ax] ® u), 
a, x G g, w S V. It is easy to see that p(x) G Cur End M . Indeed, 

P{x) = Po( x ) - Tpi( x )> 
where pi{x) G EndM , po(x) = i® (id ®x — [x] ® id), /9i(a;) maps g ® V to zero 
and u 6 F to i ® u. Therefore, p is injective, and p(g) generates an associative 
pseudo-algebra C that lies in Cur End Mq. Moreover, 

p(a) * p(b) = (p (a) - T Pl {a)) * (Po(b) ~ T Pl (b)) 

= l®l®HPo(a)po(b)-T®l(g, H p 1 (a)p (b)~l(g,T® H p (a)p 1 (b)+T®T®HPi(a)pi(b) 

= 1®1®// (p (a)p (b) -Tp {a) Pl (b)) -T® 1 ® H (/^(ajpofa) - p (a)pi(6)), 

(39) 

since p\{a)pi(b) = 0. 

This is straightforward to check that 

[Po(a),A>(&)] = Po([a&]), [Pi(a),Po(&)] = Pi ([«&])• 
Then ([121) and |(39| imply 

C^ 0) (a;i H a; 2 - x 2 h a;i)(p(a),p(6)) = p([ab]), a, & G g, 

that means p is a conformal representation of g. 

If g is finite-dimensional then so can be choosen V, and hence M is a finitely 
generated ii-module. □ 

Corollary 19 (|3J). Every Leibniz algebra can be embedded into an associative 
dialgebra. 

Proof. Consider a Leibniz algebra g and its faithful conformal representation p : 
g — » L C gc M as in Proposition [18J We have seen that L is actually a Lie 
subalgebra of (CurEndM ) (_) , so g C L C A = (CurEndM )( '. The latter is an 
associative dialgebra by Theorem [5] □ 

Remark 20. If V = U(l) in Proposition [THJ then the associative dialgebra gener- 
ated in (CendM)(°) by the image of g is isomorphic to the universal enveloping dial- 
gebra Ud(g) constructed in [3]. However, Cueio) is not embedded into Cur End M 
for M = U(l) © (fl ® C7(0). 
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